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SPLITTING THE RELATIVE ASSEMBLY MAP, NIL-TERMS 
AND INVOLUTIONS 

WOLFGANG LUGK AND WOLFGANG STEIMLE 


Abstract. We show that the relative Farrell-Jones assembly map from the 
family of finite subgroups to the family of virtually cyclic subgroups for alge¬ 
braic X-theory is split injective in the setting where the coefficients are additive 
categories with group action. This generalizes a result of Bartels for rings as 
coefficients. We give an explicit description of the relative term. This enables 
us to show that it vanishes rationally if we take coefficients in a regular ring. 
Moreover, it is, considered as a Z[Z/2|-module by the involution coming from 
taking dual modules, an extended module and in particular all its Tate co¬ 
homology groups vanish, provided that the infinite virtually cyclic subgroups 
of type I of G are orientable. The latter condition is for instance satisfied for 
torsionfree hyperbolic groups. 


Introduction 

0.1. Motivation. The K-theoretic Farrell-Jones Conjecture for a group G and a 
ring R predicts that the assembly map 

asmb„: ^ H^iG/G;Kn) = K„iRG) 

is an isomorphism for all n G Z. Here EG = E\)c{G) is the classifying space for the 
family VC of virtually cyclic subgroups and il^(—;K^) is the G-homology theory 
associated to a specific covariant functor from the orbit category Or(G) to 
the category of spectra Spectra. It satisfies iI^(G/iI;K^) = 7r„(K‘^(G/R)) = 
Kn{RH) for any subgroup H C G and n G Z. The assembly map is induced by the 
projection EG —>■ G/G. The original source for the Farrell-Jones Conjecture is the 
paper by Farrell-Jones [Tj 1.6 on page 257 and 1.7 on page 262]. More information 
about the Farrell-Jones Conjecture and the classifying spaces for families can be 
found for instance in the survey articles [TB] and [T5] . 

Let EG = E^in(G) be the classifying space for the family Tin of finite subgroups, 
sometimes also called the classifying space for proper G-actions. The G-map EG —>■ 
EG, which is unique up to G-homotopy, induces a so-called relative assembly map 

H^{EG;Kn) ^ H^iRG;Kn). 

The main result of a paper by Bartels [3] Theorem 1.3] says that asmb„ is split 
injective for all n G Z. 

In this paper we improve on this result in two different directions: First we 
generalize from the context of rings R to the context of additive categories A with 
G-action. This improvement allows to consider twisted group rings and involutions 
twisted by an orientation homomorphism G {il}; moreover one obtains better 
inheritance properties and gets fibered versions for free. 
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Secondly, we give an explicit description of the relative term in terms of so-called 
NK-spectra. This becomes relevant for instance in the study of the involution on 
the cokernel of the relative assembly map induced by an involution of A. In more 
detail, we prove: 

0.2. Splitting the relative assembly map. Our main splitting result is 

Theorem 0.1 (Splitting the iiT-theoretic assembly map from J^in to VC). Let G 
be a group and let A be an additive G-category. Let n be any integer. 

Then the relative K-theoretic assembly map 

■■ [EG-, kS) ^ {kg-, Kg) 

is split injeetive. In particular we obtain a natural splitting 

{kg-, KS) ^ {kg- KS) © {kg ^ kg-, KS) . 

Moreover, there exists an Or(G)-spectrum NK^ and a natural isomorphism 

{kg ^ Eye, (G) ; NKS) ^ {KG ^ KG; K^). 

Here Eyc,{G) denotes the classifying space for the family of virtually cyclic 
subgroups of type I, see section [T] The proof will appear in Section [71 The point 
is that, instead of considering for a ring R, we can treat the more general 
setup for an additive G-category A, as explained in [1] and [2]. (One obtains 
the case of a ring R back if one considers for A the category i?-FGF of finitely 
generated free i?-modules with the trivial G-action. Notice that we tacitly always 
apply idempotent completion to the additive categories before taking iC-theory.) 
Whereas in (3] Theorem 1.3] just a splitting is constructed, we construct explicit 
Or(G)-spectra NK^ and identify the relative terms. This is crucial for the following 
results. 

0.3. Involutions and vanishing of Tate cohomology. We will prove in Sub¬ 
section 18.31 

Theorem 0.2 (The relative term is induced). Let G be a group and let A be an 
additive G-category with involution. Suppose that the virtually cyclic subgroups of 
type I of G are orientable (see Definition un\) . 

Then the W,/2-module Hn{KG —^ ^G; K^) is isomorphic to Z[Z/2] A for 
some h-module A. 

In [9] we will be interested in the conclusion of Theorem 10.21 that the Tate 
cohomology groups 77* (Z/2, i7„(^G —>■ SG; K^)) vanish for all € Z if the 
virtually cyclic subgroups of type of I of G are orientable. In general the Tate 
spectrum of the involution on the Whitehead spectrum plays a role in the study of 
automorphisms of manifolds (see e.g. [331 section 4]). 

0.4. Rational vanishing of the relative term. 

Theorem 0 . 3 . Let G be a group and let R be a regular ring. 

Then the relative assembly map 

: H^iKG-, Kg) ^ H^iKG; Kg) 
is rationally bijective for all n G Z. 

If i? = Z and n < —I, then the relative assembly map i7^(^G;Kg) ^ 
i7g(SG;Kg) is an isomorphism by the results of [5]. 

Further computations of the relative term {KG —>■ Eye, (G); NKg) = {KG 
kg-, Kg) are briefly discussed in Section (TUI 




SPLITTING THE RELATIVE ASSEMBLY MAP, NIL-TERMS AND INVOLUTIONS 


3 


0.5. A fibered case. In Section HD we discuss a fibered situation which will be 
relevant for the forthcoming paper and can be handled by our general treatment 
for additive G-categories. 

0.6. Acknowledgement. This paper has been financially supported by the Leibniz- 
Award of the first author and the Center for Symmetry and Deformation at the 
University of Copenhagen. We thank the referee for her/his careful reading and 
useful comments. 


1. Virtually cyclic groups 


A virtually cyclic group V is called of type I if it admits an epimorphism to the 
infinite cyclic group, and of type II if it admits an epimorphism onto the infinite 
dihedral group. The statements appearing in the next lemma are well-known, we 
insert a proof for the reader’s convenience. 


Lemma 1.1. Let V be an infinite virtually cyclic group. 

(i) V is either of type I or of type II; 

(ii) The following assertions are eguivalent: 

(a) V is of type I; 

(b) Tilly) is infinite; 

(c) i?i(U)/tors(U) is infinite cyclic; 

(d) The center of V is infinite; 

(Hi) There exists a unique maximal normal finite subgroup Ky C V, i.e., Ky is 
a finite normal subgroup and every normal finite subgroup ofV is contained 
in Ky; 

(iv) Let Qy := VfKy. Then we obtain a canonical exact sequence 

I ^ Ky ^Qy 

Moreover, Qy is infinite cyclic if and only if V is of type I and Qy is 
isomorphic to the infinite dihedral group if and only if V is of type II; 

(v) Let f: V ^ Q be any epimorphism onto the infinite cyclic group or onto 
the infinite dihedral group. Then the kernel of f agrees with Ky; 

(vi) Let (j): V be a homomorphism of infinite virtually cyclic groups with 

infinite image. Then (j) maps Ky to Kw o-nd we obtain the following 
canonical commutative diagram with exact rows 


1 


1 


*V ,, PV „ 

-4 Ky - > V -> Qy ■ 


-4 1 


<t>K 


-4 Kw ■ 


-4 IT 


PW 


<I>Q 


4 Qw 


-4 1 


wun mjecivue <pQ. 

Proof, (ii) If V is of type I, then we obtain epimorphisms 


V Hi(V) Hi(V)/tors(Hi(V)) -4 Z. 


The kernel of U —4 Z is finite, since for an exact sequence 1 —>■ Z, y V H —?■ 1 
with finite If the composite of U —4 Z with i is injective and hence the restriction 
of q to the kernel of U —4 Z is injective. This implies that IIi{V) is infinite and 
i/i(U)/tors(i/i(U)) is infinite cyclic. If iJi(U)/tors(iJi(U)) is infinite cyclic or 
if Hi{V) is infinite, then IIi{V) surjects onto Z hence so does V. This shows 


(ii)c 


(ii)b 


(ii)c 


Consider the exact sequence I —4 cent(U) — 4 U — 4 U/ cent(U) —4 1, where 
cent(U) is the center of V. Suppose that cent(U) is infinite. Then Vj cent(U) 
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is finite and the Lyndon-Serre spectral yields an isomorphism cent(F) (8>z 
Hi{V]Q). Hence Hi{V) is infinite. This shows {ii)d = 


(ii)b 


Suppose that V is of type 1. Choose an exact sequence 
with finite K. Let w G H be an element which is mapped to a generator of Z. Then 
conjugation with v induces an automorphism of K. Since IC is finite, we can find 
a natural number k such that conjugation with induces the identity on K. One 
easily checks that u* belongs to the center of V and v has infinite order. This shows 


{ii)a 


(ii)d and finishes the proof of assertion (ii) 


(iii) If Ki and K 2 are two finite normal subgroups of V, then 

Ki ■ K 2 := {v G V \ 3ki G Ki and ^2 € K 2 with v = kik 2 } 

is a finite normal subgroup of V. Hence we are left to show that V has only finitely 
many different finite normal subgroups. 

i f 

To see this, choose an exact sequence 1 —?• Z V —5>lfor some finite 
group Id. The map / induces a map from the finite normal subgroups of V to the 
normal subgroups of Id; we will show that it is an injection. Let t G V he the 
image under i of some generator of Z and consider two finite normal subgroups Ki 
and K 2 of V with f{Ki) = /(i^ 2 )- Consider ki G Ki. We can find G K 2 and 
n G Z with k 2 = ki ■ . Then belongs to the finite normal subgroup Ki ■ K 2 . 

This implies n = 0 and hence ki = ^ 2 . This shows Ki C K 2 . By symmetry we get 
Ki = K 2 . Since dd contains only finitely many subgroups, we conclude that there 


are only finitely many different finite normal subgroups in V. Now assertion (iii) 
follows. 


(i) and (iv) Let V be an infinite virtually cyclic group. Then Qv is an infinite vir¬ 
tually cyclic subgroup which does not contain a non-trivial finite normal subgroup. 

i f 

There exists an exact sequence 1—^-Z—^Ifor some finite group dd. 
There exists a subgroup of index at most two dd' C H such that the conjugation 
action of H on Z restricted to dd' is trivial. Put Q'y = f~^{dd'). Then the center 


of Q'y contains i(Z) and hence is infinite. By assertion (ii) we can find an exact 

f 

sequence 1 ^ K ^ Q'y ^ Z ^ 1 with finite K. The group Q'y contains a unique 
maximal normal finite subgroup K' by assertion (iii) This implies that K' C Q'y 


is characteristic. Since Q'y is a normal subgroup of Qy, K' C Qy is a normal sub¬ 
group and therefore K' is trivial. Hence Q'y contains no non-trivial finite normal 
subgroup. This implies that Q'y is infinite cyclic. Since Q'y is a normal subgroup 
of index 2 in Qv and Qv contains no non-trivial finite normal subgroup, Qv is 
infinite cyclic or Doo- 

In particular we see that every infinite virtual cyclic group is of type I or of 
type II. It remains to show that an infinite virtually cyclic group V which is of 
type II cannot be of type 1. li 1 ^ K ^ V ^ Dao —>■ 1 is an extension with finite 
K, then we obtain from the Lyndon-Serre spectral sequence an exact sequence 
ddi{K) 2 Hi{V) —^ ddi(Dca). Hence ddiiV) is finite, since both Idi{Doo) 


and ddi{K) are finite. We conclude from assertion (ii) that V is not of type 1. This 


finishes the proof of assertions (i) and (iv) 


(v) Since V is virtually cyclic, the kernel of / is finite. Since Q does not contain a 
non-trivial finite normal subgroup, every normal finite subgroup of V is contained 
in the kernel of /. Hence ker(/) is the unique maximal finite normal subgroup of 

H. 


(vi) Since Kw is finite and the image of (j) is by assumption infinite, the composite 

the 


Pw o 4>' y Qw has infinite image. Since Qvu is isomorphic to Z or Hoo, 
same is true for the image of pw o (p: V 
Pw o cp: V 


Qw- By assertion (v) the kernel of 
Qw is Idv- Hence (p{Kv) C Kw and (p induces maps (pK and (pq 
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making the diagram appearing in assertion (vi 
Pw o 


commutative. Since the image of 


V —>■ Qw is infinite, </>q(Qv) is infinite. This implies that (j)Q is injective 
since both Qy and Qw are isomorphic to D^c or Z. This finishes the proof of 
Lemma 11.11 □ 


2. Some categories attached to homogeneous spaces 

Let G be a group and let S' be a G-set, for instance a homogeneous space G/H. 
Let G^{S) be the associated transport groupoid. Objects are the elements in S. 
The set of morphisms from si to S 2 consists of those elements g G G for which 
gsi = S 2 - Composition is given by the group multiplication in G. Obviously 0^(3) 
is a connected groupoid if G acts transitively on S. A G-map f: S ^ T induces a 
functor Q^{f ): Q^{S) —>■ G^{T) by sending an object s G S to /(s) and a morphism 
(/: Si —>■ S 2 to the morphism g: /(si) ^ /(s 2 )- We mention that for two objects 
Si and S 2 in G^{S) the induced map mor 5 G( 5 )(si, S 2 ) — f{s 2 )) is 
injective. 

A functor F: Cq —Ci of categories is called an equivalence if there exists a 
functor F': Cl —>■ Cq with the property that F' o F is naturally equivalent to the 
identity functor idcj, and F o F' is naturally equivalent to the identity functor idci • 
A functor T' is a natural equivalence if and only if it is essentially surjective (i.e., it 
induces a bijection on the isomorphism classes of objects) and it is full and faithfuf 
(i.e., for any two objects c, d in Cq the induced map morcg (c, d) —>• morci (T'(c), F{d)) 
is bijective). 

Given a monoid M, let M be the category with precisely one object and M 
as the monoid of endomorphisms of this object. For any subgroup F[ of G, the 
inclusion 

e{G/H): H ^G^{G/H), g {eHeH) 

(where e G G is the unit element) is an equivalence of categories, whose inverse 
sends g: giH -5> g 2 H to g^^ggi G G. 

Now fix an inhnite virtually cyclic subgroup C C G of type 1. Then Qy is an 
infinite cyclic group. Let gen(Qi/) be the set of generators. Given a generator 
cr G gen(Qi/), define Qy[a] to be the submonoid of Qy consisting of elements of 
the form cr" for n G Z, n > 0. Let V[a] C G be the submonoid given hy py^{Qy[a]). 
Let G^{G/V)[a] be the subcategory of G^{G/V) whose objects are the objects in 
G^{G/V) and whose morphisms g: giV —5> g 2 V satisfy g^^ggi G G[cr]. Notice 
that G^{G/V)[a\ is not a groupoid anymore, but any two objects are isomorphic. 
Let G^{GIV)k be the subcategory of G^{G/V) whose objects are the objects in 
G'^{G/V) and whose morphisms g: giV —> g 2 V satisfy gif^ggi G Ky. Obviously 
G'^{G/V)k is a connected groupoid and a subcategory of G'^{G/V)[a]. 

We obtain the following commutative diagram of categories 


( 2 . 1 ) 


G^{G/V)[o 

e(G/V)[<T] 

V[a] 




-^G^(G/V) 


e(G/V) 


-^V 


jv[o-] 


whose horizontal arrows are induced by the the obvious inclusions and whose left 
vertical arrow is the restriction of e(G/G) (and is also an equivalence of categories). 
The functor e(G/y) also restricts to an equivalence of categories 


( 2 . 2 ) 


e{GlV)K-- Ky 


G^iGlV)K. 
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Remark. The relation of the categories Ky, V’[cr] and V to Q^{G/V)k, {G/V)[a] 
and Q'^{G/V) is analogous to the relation of the fundamental group of a path 
connected space to its fundamental groupoid. 

Let a € V he any element which is mapped under the projection pv ■ V ^ Qv to 
the fixed generator a. Right multiplication with a induces a G-map Rcr ■ GjKy —>■ 
G/Ky, gKy gaKy. One easily checks that Ra is depends only on a and is 
independent of the choice of a. Let pry: GjKy —>• GjV be the projection. We 
obtain the following commutative diagram 

(2.3) Q ^ iGjKy ) - - -> g ^{ GlKy ) 

Q^{G/V) 



3. Homotopy colimits of Z-linear and additive categories 


Homotopy colimits of additive categories have been defined for instance in [2 
Section 5]. Here we review its definition and describe some properties, first in the 
setting of Z-linear categories. 

Recall that a Z-linear category is a category where all Hom-sets are provided 
with the structure of abelian groups, such that composition is bilinear. Denote by 
Z-Cat the category whose objects are Z-linear categories and whose morphisms are 
additive functors between them. Given a collection of Z-linear categories {Ai)i^i, 
their coproduct U.cz Ci in Z-Cat exists and has the following explicit description; 
Objects are pairs {i,X) where i £ I and X £ Ai- The abelian group of morphisms 
{i,X) —>■ (j, F) is non-zero only if z = j in which case it is moryi. {X, Y). 

Let C be a small category. Given a contravariant functor F: C ^ Z-Cat, its 
homotopy colimit (see for instance [24] 1. 

(3.1) 

is the Z-linear category obtained from the coproduct Ucec F{c) by adjoining mor¬ 
phisms 

Tf. id,rx)^ic,x) 

for each {c,X) £ F{c) and each morphism /: d —>■ c in C. (Here we write f*X 
for F{f){X).) They are subject to the relations that = id and that all possible 
diagrams 


{e,g*rX)^{d,rX) 


{d,rx)^{c,x) 



T'f 


- 



(dJ*Y)^^ic,Y) 


are to be commutative. 

Hence, a morphism in F from {x,A) to {y,B) can be uniquely written as a 
sum 

(3.2) ^ Tfo4>f 

femorc{x,y) 

where (j)f: A ^ f* B is a. morphism in F{x) and all but finitely many of the mor¬ 
phisms 4>f are zero. The composition of two such morphisms can be determined by 
the distributivity law and the rule 

{Tf o4>)o {Tg oip) = Tfog o {g*(j) o ijj) 
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which just follows the fact that both upper squares are commutative. 

Using this description, it follows that the homotopy colimit has the following 
universal property for additive functors into some other Z-linear category 

Suppose that we are given additive functors jc'- F(c) —> A, for each c G C, and 
morphisms Sf. jd{f*X) — > jc{X) for each X G F{c) and each f-.d^cinC. If 
Sid = id and all possible diagrams 


jci9*rx)^^jdirx) 

Jc{X) 


jdirx)^^Mx) 

jc{u) 

j4ry)-^jc(y) 


Sf 


i 

Sf . t 


are commutative, then this data specifies an additive functor F ^ Aby sending 
Tf to Sf. 

The homotopy colimit is functorial in F. Namely, if S: Fq —> Fi is a natural 
transformation of contravariant functors C -G Z-Cat, then it induces an additive 
functor 


(3.3) J^S: J.Fo^S.F, 

of Z-linear categories. It is defined using the universal property by sending Fo(c) 
to Fi(c) C J(^Fi via S and “sending Tf to T/”. In more detail, the image of 
Tf- ic,f*iX)) -G id,X) (in J^Fq) is given by Tf. {c,f*{S{X))) -G {d,S{X)) (in 
Ui). Obviously we have for Si: Fq ^ Fi and S 2 : Fi ^ F 2 

(3.4) ^ 

(3.5) J^idp = id/^F- 

The construction is also functorial in C. Namely, let IT: Ci C 2 be a covariant 
functor. Then we obtain a covariant functor 


(3.6) w.: f^^FoW^f^^F 

of additive categories which is the identity on each F{W{c)) and sends ^^Tf to 
Tyyf)”, again interpreted appropriately. For covariant functors lUi: Ci —>■ C 2 , 
IU 2 : C 2 —>■ C 3 and a contravariant functor F: C 3 —>■ Add-Cat we have 

(3.7) (VF 2 )* o (lUi), = (VF 20 VF 1 )*; 

(3.8) (idc)* = id/^F- 

These two constructions are compatible. Namely, given a natural transformation 
S: Fi ^ F 2 of contravariant functors C 2 Z-Cat and a covariant functor IT: Ci —>■ 
C 2 , we get 

(3.9) (^J S^oW, = (-S'oIU) 

Lemma 3.10. (i) LetW : V ^ C be an equivalence of categories. LetF: C -G 

Z-Cat he a contravariant functor. Then 

IF*: [ F oW ^ [ F 
Jv Jc 

is an equivalence of categories; 
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(ii) Let C be a category and let S: Fi ^ F 2 be a transformation of contravari- 
ant functors C —>■ Z-Cat such that for every object c in C the functor 
S{c): Fo(c) —)• Fi(c) is an equivalence of categories. Then 

is an equivalence of categories. 

The proof is an easy exercise. Note the general fact that if F: C —>■ is an 
additive functor between Z-linear categories such that F is an equivalence between 
the underlying categories, then it follows automatically that there exists an additive 
inverse equivalence F' and two additive natural equivalences F' o F ~ idc and 
F o F' ~ idx). 

Notation 3.11. If bb: Ci —>■ C is the inclusion of a subcategory, then the same is 
true for W^,. If no confusion is possible, we just write 

f F := [ FoWC [ F. 

Jci Jci Jc 

Denote by Add-Cat the category whose objects are additive categories and 
whose morphisms are given by additive functors between them. Notice that F 
is not necessarily an additive category even if all the F(c) are - the direct sum 
{c, X) 0 (d, Y) need not exist. However any isomorphism /: c —d in C induces an 
isomorphism Tf. {c,f*Y) —>■ (d, F) so that 

(c, X) © (d, Y) ^ (c, X) © (c, rY) ^ (c, X © rF). 

Hence, if in the index category all objects are isomorphic and all the F(c) are 
additive, then F is an additive category. As for additive categories A, B we have 

niorz_cat(A, F) = morAdd-Cat(A, F) 

(in both cases the morphisms are just additive functors), the universal property for 
additive functors f^F^A into Z-linear categories extends to a universal property 
for additive functors into additive categories. 

In the general case of an arbitrary indexing category, the homotopy colimit in 
the setting of additive categories still exists. It is obtained by freely adjoining direct 
sums to the homotopy colimit for Z-linear categories; the universal properties then 
holds in the setting of “additive categories with choice of direct sum”. We will 
not discuss this in detail here since in all the cases we will consider, the indexing 
category has the property that any two objects are isomorphic. 

Notation 3.12. If the indexing category C has a single object and F: C Z-Cat is 
a contravariant functor, then we will write X instead of (*, W) for a typical element 
of the homotopy colimit. The structural morphisms in F thus take the simple 
form 

Tf : f*X X 

for / a morphism (from the single object to itself) in C. 

4. The twisted Bass-Heller-Swan Theorem for additive categories 

Given an additive category A, we denote by K(A) the non-connective F-theory 
spectrum associated to it (after idempotent completion), see [50], [35]. Thus we 
obtain a covariant functor 

(4.1) K: Add-Cat —Spectra. 

Let B be an additive Z-category, i.e. an additive category with a right action 
of the infinite cyclic group. Fix a generator tr of the infinite cyclic group Z. Let 
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$: S —>■ B be the automorphism of additive categories given by multiplication with 
a. Of course one can recover the Z-action from $. Since Z has precisely one 
object, we can and will identify the set of objects of B and B in the sequel. Let 
ijs'. B f^B he the inclusion into the homotopy colimit. 

The structural morphisms Ter : ^(B) —)■ B of J^B assemble to a natural isomor¬ 
phism ig o $ —>■ tg in the following diagram: 





If we apply the non-connective Jf-theory spectrum to it, we obtain a diagram of 
spectra which commutes up to preferred homotopy. 


K{B) ---> K{B) 





It induces a map of spectra 

■ T'k($) ^ K B^ 

where Tk($) is the mapping torus of the map of spectra K($): K(S) —>■ K{B) 
which is defined as the pushout 

K () V id / g ■) 

K{B) A {0, 1}+ = K{B) V K{B) -^ K{B) 

K(B) A [0,1]+-> Tk($) 

Denote by Z[a] the submonoid {ct” | n G Z, n > 0} generated by cr. Let j[a]: 1[a] —>■ 
Z be the inclusion. Let islo'] ■ B B be the inclusion induced by ijg. Define a 

functor of additive categories 

evg[cr]: f _ B ^ B 

Jzlu] 

extending the identity on B by sending a morphism Ter" to 0 for n > 0. (Of course 
(T° = id must go to the identity.) We obtain the following diagram of spectra 

K{B) --> K B) -^ K(B) 


id 


Define NK(6,(t) as the homotopy fiber of the map 
K(Z?). Let bgjcr] denote the composite 


K(«sH):K(/^,8) ^ 


bgjcr]: NK(i3,CT) K 


B 


^ K 


B 
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of the canonical map with the inclusion. Let gen(Z) be the set of generators of the 
infinite cyclic group Z. Put 

NK(6) := y NK(6,a) 

crGgen(Z) 

and define 

bi3:= V V NK(6,a)^Kr/6 

cregen(Z) crGgen(Z) ^ 

The proof of the following result can be found in m- The case where the Z- 
action on B is trivial and one considers only if-groups in dimensions n < 1 has 
already been treated by Ranicki E31 Chapter 10 and 11]. If i? is a ring with an 
automorphism and one takes B to be the category i?-FGF of hnitely generated 
free i?-modules with the induced Z-action, Theorem boils down for higher al¬ 
gebraic RT-theory to the twisted Bass-Heller-Swan-decomposition of Grayson m 
Theorem 2.1 and Theorem 2.3]). 

Theorem 4.2 (Twisted Bass-Heller-Swan decomposition for additive categories). 
The map of spectra 

as V be : Tk($) V NK(H) K ^ 


is a weak equivalence of spectra. 


5. Some additive categories associated to an additive G-category 


Let G be a group. Let A be an additive G-category, i.e., an additive category 
with a right G-operation by isomorphisms of additive categories. We can consider 
^ as a contravariant functor G ^ Add-Cat. Fix a homogeneous G-space G/H. Let 
Wg/h ■ G^{G/H) — >• G^{G/G) = G be the projection induced by the canonical G- 
map G/H G/G. Then we obtain a covariant functor G^{G/H) Add-Cat by 
sending G/H to Aopr^. Let JgG(^c/H) •^°P^G/h be the additive category given by 
the homotopy colimit (defined in (13.11) 1 of this functor. A G-map /: G/H G/K 
induces a functor G'^if)'- G^iG/H) G^{G/K) which is compatible with the 
projections to G. Hence it induces a functor of additive categories, see dSH) 

G^if)*- / Aoprc/^^/ Aoprg/^. 

Jg<^(G/H) JG°{G/K) 

Thus we obtain a covariant functor 

(5.1) Or(G) Add-Cat, G/H^ f Aopr^/j^. 

Jg°{G/h) 


Remark 5.2. Applying Lemmal3.10 (i)]to the equivalence of categories e{G/H ): H 


G'^{G/H), we see that the functor 1)5.11) . at G/H, takes the value A where A car¬ 
ries the restricted iL-action. The more complicated description is however needed 
for the functoriality. 


Notation 5.3. For the sake of brevity, we will just write A for any composite 
A o prg /jj if no confusion is possible. In this notation, (15.11) takes the form 


G/H^ ( 


A. 


g^(G/H) 
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Let V C G be an infinite virtually cyclic subgroup of type 1. In the sequel we 
abbreviate K = Ky and Q = Qv- Let pr^: Q^{G/V)k K the functor which 
sends a morphism g: giV g 2 V to g^^ggi S K. 

Fixing a generator a of the infinite cyclic group Q, the inclusions G^{GIV)k C 
Q^{G/V)[a\ C Q^{G/V) induce inclusions 

(5.4) [ Ac [ Ac [ A. 

Jg^(GIV)K Jg^iG/V)[cr] JgG(G/V) 

Actually the category into the middle retracts onto the the smaller one. To see 
this, define a retraction 


(5.5) e'v{G/V)[a]K'- [ A^ [ A 

JgG{G/V)[a] Jg°{G/V)K 

as follows. It is the identity on every copy of the additive category A inside the 
homotopy colimit. Let Tg -. {giV,g*A) —>• {g 2 V,A) be a structural morphism in 
the homotopy colimit, where g: giV —>■ g 2 V in Q‘^{G/V)[a\ is a morphism in 
Q^{G/V)[a] (that is, g is an element of G satisfying g^^ggi G 14[(t]). If 

g 2 ^ggi & k c V[a-], 

then g is by definition a morphism in (GIV)k C Q'^{G/V)[a\ and we may let 

e^j{G/V)[a]K{Tg)=Tg. 

Otherwise we send the morphism Tg to 0. This is well-defined, since for two elements 
hi, /i 2 G y[^] we have hih 2 G AT if and only if both hi € K and h 2 € K hold. 
Similarly the inclusion A C A is split by a retraction 

evy [c]: /_ A^ A 

Jv[(7] Jk 

defined as follows: On the copy of A inside /^j A, the functor is defined to be 
the identity. A structural morphism Tg: g*A A is sent to itself if g G iF, and 
to zero otherwise. One easily checks that the following diagram commutes (where 
the unlabelled arrows are inclusions) and has equivalences of additive categories as 
vertical maps. 


id 



We obtain from (EH) and Lemma IH.10l|(i)| the following commutative diagram of 
additive categories with equivalences of additive categories as vertical maps 


(5.7) 


h’==(G/V)[G 

e(G/V)[a]. ~ 

fvi^] 


A- 


A- 


-^fc 




g^^iG/v) ■ 

e(GIV), 


^ fv 


(where again the unlabelled arrows are the inclusions). 
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Now we abbreviate B — f^A. Next we define a right Q-action on B which will 
depend on a choice of an element a £ V such that pv- V ^ Q sends a to a. Such 
an element induces a section of the projection G —^ Q by which any action of G 
induces an action of Q. In short, the action of Q on S is given by the action of G 
onto A C B, and by the conjugation action of Q on the indexing category K. In 
more detail, the action of cr G Q is specified by the automorphism 



defined as follows: A morphism ip-. A ^ B \n A is sent to a*p\ a* A a*B, and 
a structural morphism Tg: g* A ^ A is sent to the morphism 

T^-^g^: a*g*A = {a-^gara*A a*A. 

With this notation we obtain an additive functor 

'if: [ B^ [ A 
JQ Jv 

defined to extend the inclusion B = f^A—f Jy A and such that a structural 
morphism Ta-: ‘I*(A) —>■ A is sent to Ta'- i(A) = A. 

In more detail, a morphism in Jq B can be uniquely written as a finite sum 

^ O r ^ Tfc O (j)k^n 

Since any element in V is uniquely a product ct" • k with k £ K, the functor if is 
fully faithful. As it is the identity on objects, 'h is an isomorphism of categories. It 
also restricts to an isomorphism of categories 




Define a functor 

evg[cr]: f _ B ^ B 

J Q[a] 

as follows. It is the identity functor on 6, and a non-identity structural morphism 
Tq: q*B -£■ B is sent to 0. One easily checks using (15.61) and (E3 that the fol¬ 
lowing diagram of additive categories commutes (with unlabelled arrows given by 
inclusions) and that all vertical arrows are equivalences of additive categories: 


(5.8) f, 


G^(G/V)k 
ie{G/V)K) 


ev{G/V)la]K f 

- fc 


aG(G/u)[<T] 
e(G/V)M, 


A- 


-L 


Ik 


evv [<y\ 


iQG{G/V) 
e(GIV). 


A 


IK 

id 


Bt- 


evefo-] 


Gla] ' 


^ fv 


Iv 

3' 


-/qS 


Recall from section [5] that qy '■ G/K —>• G/V is the projection and that is the 
automorphism of induced by right multiplication with a. 

We have the following (not necessarily commutative) diagram of additive cate¬ 
gories all of whose vertical arrows are equivalences of additive categories and the 
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unlabelled arrows are the inclusions. 

R 

(5-9) fgG(c/K)-^ ^ fgG(G/K)‘^ 



The lowest triangle commutes up to a preferred natural isomorphism T: ^ 

is which is part of the structural data of the homotopy colimit. We equip the 
middle triangle with the natural isomorphism o T. Explicitly it is just given by 
the structural morphisms T^: a* A —>■ A. 

The three squares ranging from the middle to the lower level commute and the 
two natural equivalences above are compatible with these squares. The top triangle 
commutes. The back upper square commutes up to a preferred natural isomorphism 
S'. (e(G'/E)ic)* o $ ^ o (e(G/E)ic)*. It assigns to an object A ^ A, which is 
the same as an object in f^A, the structural isomorphism 

S(A) := Ty: {eK,a*A) (aK,A). 

The other two squares joining the upper to the middle level commute. From the 
explicit description of the natural isomorphisms it becomes apparent that the pre¬ 
ferred natural isomorphism for the middle triangle defined above and the preferred 
natural isomorphism for the upper back square are compatible in the sense that 
e{G/V)[a], o T o r = ^'^(piv), o 5. 

6. Some if-THEORY-SPECTRA OVER THE ORBIT CATEGORY 

In this section we introduce various if-theory spectra. For a detailed introduction 
to spaces, spectra and modules over a category and some constructions of K-theory 
spectra, we refer to [5]. 

Given an additive G-category A, we obtain a covariant Or(G)-spectrum 

(6.1) Kg: Or(G) ^ Spectra, G/H^Klf Aoprc/H 

\Jq^{g/h) 

by the composite of the two functors (ED and (15.11) . It is naturally equivalent to 
the covariant Or(G)-spectrum which is denoted in the same way and constructed 
in Pl Definition 3.1]. 

We again adopt not at ion 1 5. 31 abbreviating an expression such as .Topr^./^ just 
by A. Given a virtually cyclic subgroup F C G, we obtain the following map of 
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spectra induced by the functors j{G/V)[a]^: of (15.41) and ev(G/F)[tT] of (15.5p 

^ ^ ^ ^ K{j{G/V)la],)^ '' 


K 


^ K(ev(G/U)M) ^ 


A 


4 K 


.4 


Iq‘^(g/v)k 


lg^{G/V)la] 


ig^iGjv) 


Notation 6.2. Let NK(G/td; cr) be the spectrum given by the homotopy fiber 
of K(ev(G/F)[a].): K ^(igo^G/vu ' 

Let 1: NK(G/F;^, cr) ^ K (^IgG(^G/v)[a]-^ canonical map of spectra. 

Define the map of spectra 


j(G/y; A, a): NK(G/F; A,a)-,K 


.4 


h^iGjV) 


to be the composite K(j(G/t4)[cr]*) o 1. 

Consider a G-map /: GjV —> GjW, where V and W are virtually cyclic groups 
of type 1. It induces a functor G^{f)' Q^{G/V) — Q^{G/W). 

It induces also a bijection 

(6.3) gen(/): gen(Qy) ^ gen(QvF) 

as follows. Fix an element g € G such that f{eV) = gW. Then g~^Vg C W. 
The injective group homomorphism c(g): V ^ W, u i-A g~^vg induces an injective 
group homomorphism Qc{g) '■ Qv Qw by Lemma ll.ll|(vi)[ For a € gen((3v) 
let gen(/)(cr) € gen(Qiy) be uniquely determined by the property that Qc(g)(o') = 
gen(/)((T)" for some n > 1. One easily checks that this is independent of the choice 
oi g G G with /(eV) = gW since for w G W the conjugation homomorphism 
c{w): W ^ W induces the identity on Qw Using Lemma [LT] ('vi'l it follows that 
G^{G/V) G^{G/W) induces functors 

G^{f)[<j\:G^{G/V)[a] -G G^{G/W)[gen{f){a)\, 
G^{f)K:G^{G/V)K ^ G^{GIW)k- 

Hence we obtain a commutative diagram of maps of spectra 

K((e°(/)K).) 


K 


(/» 


ig<^{G/v)K 

K(ev(G/U)[<T]) 

K 


.4 


-4K 


(A 


ig<^{G/w)K 

K(ev(G/W)[gen(/)((7)]) 


A 


(A 


Jg'^(G/V)[a 
K(i(G/U)H.) 

K 


.4 


K(G^(/)k].) 


f K 


(A 


(A 


.4 


Jg^(G/W)[gen(f)(a)] 
K( 4 (G/W)[gen(/)(<T)]. 

K(g^(f),) 


.4 


aK 


(fg<^(G/w) ■^) 


Je°(G/y)' 

Thus we obtain a map of spectra 

NK{f;A,a): NK{G/V-A,a) ^ NK{G/W; A,gen{f){a)) 
such that the following diagram of spectra commutes 

NK(/;A,cr) 

NK{G/V-,A,a) - S NK(G/IU; A gen(/)(a)) 


j(G/V;A.<T) 

K 


a 


g^{G/v) 


A 


K(e^(/).) 


->K 


(A 


j(G/W;A.gen(/)(<7)) 


g^(G/w) 
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Let VCi be the family of subgroups of G which consists of all finite groups and 
all virtually cyclic subgroups of type I. Let OrvC/(G') be the full subcategory of 
the orbit category Or(G) consisting of objects G/V for which V belongs to VC/. 
Define a functor 

NK^: Orvcj(G) Spectra 

as follows. It sends G/H for a finite subgroup H to the trivial spectrum and G/V 
for a virtually cyclic subgroup V of type I to V(Tggen(Qv) NK(G/V; Vl, a). Consider 
a map /: G/V G/W. If V or IV is finite, it is sent to the trivial map. Suppose 
that both V and IV are infinite virtually cyclic subgroups of type 1. Then it is sent 
to the wedge of the two maps 

NK{f-,A,ai):NK{G/V-,A,ai) ^ NK(G/IV; A gen(/)(ui)); 
NK(/;A^2): NK(G/V;A^2) ^ NK(G/IV; Agen(/)(a2)), 

for gen((5y) = {cri,cr 2 }- 

The restriction of the covariant Or(G)-spectrum K^: Or(G) —>■ Spectra to 
Orvc/ (G) will be denoted by the same symbol 

K^: Orvcj(G) —Spectra. 

The wedge of the maps j(G/V;^, cti) and j(G/V; .A, 0 - 2 ) for V a virtually cyclic 
subgroup of G of type I yields a map of spectra NK^(G/V) —>■ K^(G/V). Thus 
we obtain a transformation of functors from Orvc_r(G) to Spectra 

(6.4) h ^: NK ^^ K % 

7. Splitting the relative assembly map and identifying the relative 

TERM 

Let X be a G-space. It defines a contravariant Or(G)-space 0^{X), i.e., a con- 
travariant functor from Or(G) to the category of spaces, by sending G/H to the 
iL-fixed point set map( 5 (G/iL, X) = X^. Let 0'^(X)+ be the pointed Or(G)- 
space, where 0®(X)+(G/iL) is obtained from 0®(X)(G/iL) by adding an ex¬ 
tra base point. If /: X —> Y is a G-map, we obtain a natural transformation 

Let E be a covariant Or(G)-spectrum, i.e., a covariant functor from Or(G) to 
the category of spectra. Fix a G-space Z. Define the covariant Or(G)-spectrum 

Ez: Or(G) ^ Spectra 

as follows. It sends an object G/H to the spectrum 0^{G/H x Z)+Aot(G)E, where 
Aor(G) is the wedge product of a pointed spaces and a spectrum over a category 
(see [5J Section I], where Aor(G) is denoted by ®or{G))- The obvious identification 
of 0‘^(G/iL)+(??) Aot(G) E(??) with E(G/iL) and the projection G/H x Z ^ G/H 
yields a natural transformation of covariant functors Or(G) —Spectra 

(7.1) a: Yjz E. 

Lemma 7.2. Given a G-space X, there exists an isomorphism of spectra 

u®(X): 0®(X X Z)+ Aor(G) E ^ 0^(X)+ Aor(G) Ez, 
which is natural in X and Z. 

Proof. The smash product Aor(G) is associative, i.e., there is a natural isomorphism 
of spectra 

(0«(X) + (?) Aor(G) 0^{77 X Z) + (?)) Aor(G) E(??) 

^ 0^iX) + {7) AoriG) (0''(?? X Z) + (?) Aor(G) E(??)) . 
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There is a natural isomorphism of covariant Or(G)-spaces 

0°{X X Z)+ ^ 0^(X)+(?) Aor(G) 0^{1 X Z)+ 

which evaluated at G/H sends a: G/H X x Z io (pr^ oa) A {idc/H x(pi '2 °^)) 
if prj is the projection onto the Ath factor of X x Z. The inverse evaluated dX G/H 
sends (/3i: G/K X) f\ (/32: G/H —>■ G/K x Z) to (/3i x idz) o/32. The composite 
of these two isomorphisms yield the desired isomorphism u*^(X). □ 

If X is a family of subgroups of the group G, e.g., VC/ or the family Xin of finite 
subgroups, then we denote by Ejr{G) the classifying space of T. (For a survey on 
these spaces we refer for instance to [16].) Let EG denote the classifying space 
for proper G-actions, or in other words, a model for Ejri-^[G). If we restrict a 
covariant Or(G) spectrum E to OrvC/(G), we will denote it by the same symbol E 
and analogously for 0^{X). 

Lemma 7.3. Let E be a family of subgroups. Let X be a G-GW-complex whose 
isotropy groups belong to T. Let E be a covariant Or(G) -spectrum. Then there is 
a natural homeomorphism of spectra 

0^{X)+ AorHG) E ^ 0^iX)+ Aor(G) E. 

Proof. Let I: Orjr(G) Or(G) be the inclusion. The claim follows from the 
adjunction of induction and restriction I*, see (5] Lemma 1.9], and the fact 
that for the Or(G)-space 0‘^(X) the canonical map L^,I*0’^{X) —> 0®(X) is a 
homeomorphism of Or(G)-spaces. □ 

In the sequel we will abbreviate E/jg by E. 

Lemma 7.4. Let E be a covariant Or(G)-spectrum. Let f: EG —>■ EyciiG) be 
a G-map. (It is unique up to G-homotopy.) Then there is an up to homotopy 
commutative diagram of spectra whose upper horizontal map is a weak equivalence 

0^{Evci{G)) Aqtvcj(G) E-=-> 0^{^G)) Aotvc^(G) E 

0^{Evci{G)) Aotvcj(G) E 

Proof. From Lemma 17.21 we obtain a commutative diagram with an isomorphism 
as horizontal map 


O^iEycriG)) ^OTvc_r(G) E ■ 

idAorvcj(G)‘5 


OG(Evc.(G)) ^OrvCiiG) E 


^O^iEvc,iG)xEG) Aorvc,(G)E 


0‘^(pri)AoTvc^(G)id 


where piq: E\ic,{G) x EG) —>■ E\;cj{G) is the obvious projection. The projection 
pr 2 : Evci {G) x EG —>■ EG is a G-homotopy equivalence and its composite with 
/: EG —>■ Ex>Ci{G) is G-homotopic to pr^^. Hence the following diagram of spectra 
commutes up to G-homotopy and has a weak equivalence as horizontal map. 


0'^(pr2)Aor^,c,(d^)‘‘^ 

0«(Evc,(G) X EG) AorvcHG) E--> OG(EG)) Ao.,,^(g) E 


0‘^(pri)Aorvc^(G)id^^ ^^^^0‘^(/)Aor^,g^(G)id 

0’^{EvCi{G)) AorvCj{G) E 

Putting these two diagrams together, finishes the proof of Lemma 17^ 


□ 
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If E is the functor defined in mi and Z = EG, we will write for 

E = Ebg • 

Lemma 7.5. Let H be a finite group or an infinite virtually cyclic group of type I. 
Then the map of speetra (see Ea) and m) 

a{G/H) V h{G/H ): K^{G/H) V NK^(G/H) K^(G/H) 

is a weak equivalence. 

Proof. Given an infinite cyclic subgroup 1^ C G of type I, we next construct the 
following up to homotopy commutative diagram of spectra whose vertical arrows 
are all weak homotopy equivalences for K = Ky and Q = Qv- Let iy ■ V ^ G he 
the inclusion and py: V ^ Qy := VjKy be the projection. 




We first explain the vertical arrow starting at the top. The first one is the identity 
by definition. The second one comes from the G-homeomorphism G/V x EG ^ 
{iv)*{iv)* EG = G Xy EG sending {gV,x) to {g,g~^x). The third one comes from 
the adjunction of induction (iy)* and restriction ly, see [5] Lemma 1.9]. The fourth 
one comes from the fact that PyEQ and iyE_G are both models for EV and hence 
are l/-homotopy equivalent. The fifth one comes from the adjunction of restriction 
Py with coinduction {py)\, see (5] Lemma 1.9]. The sixth one comes from the fact 
that EQ is a free Q-CW-complex and Lemma 17751 applied to the family consisting 
of one subgroup, namely the trivial subgroup. The seventh one comes from the 
identification {py)fiiy)*K‘^{Qy/I) = (iy)*Kg(y/E) = K%{G/K). The last one 
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comes from the obvious homeomorphism if we use for EQy the standard model 
with R as underlying Qv = Z-space. The arrow sl{G/V) is induced by the upper 
triangle in (EH), which commutes (strictly). One easily checks that the diagram 
above commutes. 

Here is a short explanation on the diagram above. The map a(G/V) is basically 
given by the projection G/V x EG —>• G/V. Following the equivalences (1) through 
(5), this corresponds to projecting EQv to a point. On the domain of equivalence 
(8), this corresponds to projecting EQv to a point and to take the inclusion-induced 
map K^(G/i4r) —>■ K^(G/H) on the other factor. But this is precisely the definition 
of the map a!{G/V). 

^From the diagram (15.91) (including the preferred equivalences and the fact that 
a natural isomorphism of functors induces a preferred homotopy after applying the 
iiT-theory spectrum) we obtain the following diagram of spectra which commutes 
up to homotopy and has weak homotopy equivalences as vertical arrows. 


^K(fl„): Kg(G/K)^KS(G/K) - 


T, 


'(G/V) 


K(<J.): K(/3fA)^K(/jfA) 
id 




T, 


K(<i!.): K(B)^K(e) 


■^k(/.,e 


We obtain from the diagram EH the following commutative diagram of spectra 
with weak homotopy equivalences as vertical arrows. 

NKG(G/F)--> KS(G/F) 


NK(H)-^. KiJ^ B) 


We conclude from the three diagrams of spectra above that 

a(G/F) V h{G/V ): K^{G/V) V NKS(G/F) ^ k 5(G/F) 
is a weak homotopy of spectra if and only if 


ag V bj3 : Tk(0) , k(B)->k(B) V NK(S) —K 



is a weak homotopy equivalence. Since this is just the assertion of Theorem 14.21 
the claim of Lemma [731 follows in the case, where is an infinite virtually cyclic 
group of type I. 

It remains to consider the case, where H is finite. Then NK^(G/F) is by 
definition the trivial spectrum. Hence it remains to show for a finite subgroup 
of G that a{G/H): ^^{G/H) K^(G/iL) is a weak homotopy equivalence. This 
follows from the fact that the projection G/El x FG —^ G/El is a G-homotopy 
equivalence for finite H. □ 


Recall that any covariant Or(G)-spectrum E determines a G-homology theory 
iL(p(—;E) satisfying iL®(G/iL;E) = 7r„(E(G/7L)), namely put (see [5]) 

(7.6) i7f(^;E) := ^,(0^(X)Aor(G)E). 
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In the sequel we often follow the convention in the literature to abbreviate 
:= Evc{G) for the family VC of virtually cyclic subgroups. Recall that for 
two families of subgroups and T 2 with Ju C T 2 there is up to G-homotopy 
one G-map /: Ejr^{G) Ejr^{G). We will define Hn{Ejr^{G) Ejr^{G)\'K.^) := 
Hn{cy\{f),Ej^^{G)-,'K.^), where (cyl(/),£1^^(G)) is the G-pair coming from the 
mapping cylinder of /. 

Notice that NK^ is defined only over Orvcycii'^)- If can be extended to a 
spectrum over Or(G) by applying the coinduction functor (see O Definition 1.8]) 
associated to the inclusion OrvC/(G) ^ Or(G) so that the G-homology theory 
£f®(—;NK^) makes sense for all pairs {X,A) of G-GW-complexes. Moreover, 
i£°(X;NK5) can be identified with 7r„(0'^(X) Aorvc,(G) NKg) for all G-GW- 
complexes X. 

The remainder of this section is devoted to the proof of Theorem 10.11 Its proof 
will need the following result taken from [SI Remark 1.6]. 

Theorem 7.7 (Passage from VCj to VC in it'-theory). The relative assembly map 

H^{Evcr{G); KS) ^ H^iRG; Kg) 

is bijective for all n G h. 

Hence we only have to deal in the proof of Theorem 10.11 with the passage from 
J'in to VC I- 

Proof of Theorem \0. 1\ From Lemma 17.51 and [SJ Lemma 4.6], we obtain a weak 
equivalence of spectra 

idAorvc,(G)(aVb): {EyeAG)) Aorvc,(G) (K® V NK^) 

{Eve AG)) ^Orvcj(G) Ka)- 

Hence we obtain a weak equivalence of spectra 

(idAoTvcHG)a) V (id AorvcHG)!’) ■ 

{O^ {Eve AG)) AorvcHG) KS) V {O^ {Eve AG)) ^Or^cRG) NKS) 

^ 0‘^(£;vC/(G)) Aotvcj(G) 

If we combine this with Lemma 17.41 we obtain a weak equivalence of spectra 


(/ Aorvc,(G) id) V (idAorvc,(G)b) : 

{0^{EG) Aor.eAG) KS) V (0^(£;vc.(G)) AorvcHG) NK^) 

^ o'^(£;vc.(g)) ^OtvcHG) Ka- 

Using Lemma 17.31 this yields a natural weak equivalence of spectra 
(/ Aot(G) id) V b' : 

{0^{EG) AoriG) KS) V {O^ {Eve AG)) AorveUO NKS) 

^ {Eve AG)) AoriG) 

where b' comes from id AoTvcj(G)b. If we take homotopy groups, we obtain for 
every n G Z an isomorphism 

HA{f-,K^) © 7r„(b'): i£^(UG;KS) © n 40 ^{EveAG)) Aor^eRG) NK^) 

^ H4EveAG);Ki). 
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We have already explained above that H^{Evcj{G); NK^) can be identified with 
{E^cAG) Aorvcj(G) NK^). Since by construction NK5(G/-ff) is the triv¬ 
ial spectrum for finite E[ and all isotropy groups of ^G are finite, we conclude 
Hn {MG', NK^) = 0 for all n G Z from Lemma 1731 We derive from the long exact 
sequence of /: S(G) —>■ Eyci (G) that the canonical map 

H^{EvcAG);-NK^) ^ hA{eg ^ L;vc.(G);NKS) 

is bijective for all n G Z. Hence we obtain for all n G Z a natural isomorphism 

iL^(/;KS)©6„: {EG',K.% ® {EG ^ EyeAG)',^^3d 

^ HPEvcAG)',VAP). 

We conclude from the long exact homology sequence associated to /: ^G —>■ 
Eve I (G) that the map 

HAif', kS) : hA{EG; Kg) ^ {EveAG)', Kg) 

is split injective, there is a natural splitting 

hA {Eve, (G) ; K^) A hA {EG', K^) © {EG ^ Eve, (G); K^) , 

and there exists a natural isomorphism which is induced by the natural transfor¬ 
mation b: NK^ —!> of spectra over Otvcj (G) 

hA{EG ^ L;v©(G);NKS) ^ hA{EG ^ Eve AG)',^A)- 

Now Theorem 10.11 follows from Theorem 17.71 □ 

8. Involutions and vanishing of Tate cohomology 

8.1. Involutions on iG-theory spectra. Let A = {A, I) be an additive G-category 
with involution, i.e., an additive G-category A together with a contravariant functor 
I: A ^ A satisfying lol = id^i and loRg = Rgol for all g G G. Examples coming 
from twisted group rings, or more generally crossed product rings equipped with 
involutions twisted by orientation homomorphisms are discussed in (TJ Section 8]. 

In the sequel we denote for a category C its opposite category by C°p. It has 
the same objects as C. A morphism in C°p from a; to i/ is a morphism y ^ x m C. 
Obviously we can and will identify (C°p)°p = C. 

Next we define a covariant functor 

C \ op 

/ 

Jg(^<,G/H) J 

It is defined to extend the involution 

U /: U U -4 

xeg<^{G/H) xeg<^{G/H) ^xeg<^{G/H) 

and to send a structural morphism Tg : {giH, A-g) —>• {g 2 H, A) to Tg-i: {g 2 H,I{Aj) 
{giE[,I{A) • g). One easily checks that I{G/H) o I(G/E[) = id. 

Notice that there is a canonical identification K(S°p) = K(H) for every additive 
category B. Hence I{G/H) induces a map of spectra 

i{G/H) = K{I{G/H)) '.k( f A] ^k( f . a ) 

\JgO(G/H) J \JgO(G/H) J 

such that i{G/H) o i{G/H) = id. Let Z/2-Spectra be the category of spectra with 
a (strict) Z/2-operation. Thus the functor becomes a functor 

(8.2) Kg: Or(G) ^ Z/2-Spectra. 
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Consider an infinite virtually cyclic subgroup V Q G and a fixed generator 
a £ Qv- The functor I{G/V) of (18.11) induces functors 

/ „ \ °P 


I{G/H)[a]: 








/SG(G/H)[o- 


IiG/H)K: [ 
Jg 




A 


g^{G/H)K 


ig^{G/H)K 


Since eY{G/V)[a-% o I{G/V)[a] = I{G/V)k o eYiG/V)[a] and j{G/V)[a-% o 
I{G/V)[(j] = I{G/V) o j(G/V)[a]t, holds, we obtain a commutative diagram of 
spectra 


K 


K 


(t 


A] f 


K(ev(G/V)H.) 


G<=^(GIV)k 

K(/(G/V)k) 

K(ev(G/V)[<T-i]. 


K 


(/, 


,A 


K(j(G/V)M,) 


gG(G/V)la] 

K(I(G/V)la] 


aK 


{fg<=^(G/v) ■^) 


(/e<3(G/v)K ■^) ^ 




e<3(G/v)[o- 




K(i(G/V)[a-b.) 




(L 


g^^iG/v) ■ 

K(/(G/V)) 


g°{G/v) • 


Since /(G/i/)[(T o I{G/H)[a] = id and I{G/H)k o I[G/H)k = id holds, we 

obtain a Z/2-operation on NK^ and hence a functor 

(8.3) 

and we conclude: 


NK(5: Or(G) ^ Z/2-Spectra, 


Lemma 8.4. The transformation b: NK^ —^ of Or\;CiiG)-spectra is compat¬ 

ible with the 112-actions. 

8.2. Orientable virtually cyclic subgroups of type I. 

Definition 8.5 (Orientable virtually cyclic subgroups of type I). Given a group 
G, we say that the infinite virtually cyclic subgroups of type I of G are orientable 
if there is for every virtually cyclic subgroup V of type I a choice cry of a generator 
of the infinite cyclic group Qv with the following property: Whenever V and V 
are infinite virtually cyclic subgroups of type I, and f: V V is an inclusion or 
a conjugation by some element of G, then the map Qf. Qv —>■ Qw sends cry to a 
positive multiple of aw- Such a choice of elements {cry | V £ VC/} is called an 
orientation. 


Lemma 8.6. Suppose that the virtually cyclic subgroups of type I of G are ori¬ 
entable. Then all infinite virtually cyclic subgroups of G are of type I, and the 
fundamental group 1 yil of the Klein bottle is not a subgroup of G. 

Proof. Suppose that G contains an infinite virtually cyclic subgroup V of type II. 
Then Qv is the infinite dihedral group. Its commutator [Qv, Qv] is infinite cyclic. 
Let W be the preimage of the commutator [Qv, Qv] under the canonical projection 
pv ■ V —>• Qv. There exists an element y £ Qv such that conjugation with y induces 
— id on [Qv,Qv]- Obviously W is an infinite virtually cyclic group of type I, and 
the restriction of pv to W is the canonical map pw ■ W -£ Qw = [Qv, Qv] ■ Choose 
an element x £ V with pv(x) = y. Conjugation with x induces an automorphism 
of W which induces — id on Qw- Hence the virtually cyclic subgroups of type I of 
G are not orientable. 

The statement about the Klein bottle is obvious. □ 


For the notions of a CAT(0)-group and of a hyperbolic group we refer for instance 
to [H [ini [H] . The fundamental group of a closed Riemannian manifold is hyperbolic 
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if the sectional curvature is strictly negative, and is a CAT(0)-group if the sectional 
curvature is non-positive. 


Lemma 8.7. Let G be a hyperbolic group. Then the infinite virtually cyclic sub¬ 
groups of type I of G are orientable, if and only if all infinite virtually cyclic sub¬ 
groups of G are of type I. 


Proof. The “only if”-statement follows from Lemma|S^ To prove the “if”-statement, 
assume that all infinite virtually cyclic subgroups of G are of type I. 

By [3T1 Example 3.6], every hyperbolic group satisfies the condition {NMj^incvCi), 
i.e., every infinite virtually cyclic subgroup V is contained in unique maximal one 
14iax and the normalizer of 14iax satisfies iW^ax = Knax- Let A4 be a complete sys¬ 
tem of representatives of the conjugacy classes of maximal infinite virtually cyclic 
subgroups. Since by assumption V G Af is of type I, we can fix a generator cry G Qy 
for each V € A4. 

Consider any infinite virtually cyclic subgroup W oi G type I. Choose g & G 
and V € A4 such that gWg~^ C V. Then conjugation with g induces an injection 
Qc{g) ■ Qw Qv by Lemma ll.l|(vi) We equip W with the generator aw € Qw for 
which there exists an integer n > 1 with Qc{g){o'w) = (o'y)". This is independent 
of the choice of g and V: For every g € G and V € A4 with \gVg~^ fl E| = oo, 
the condition implies that g belongs to V and conjugation with an 

element g G V induces the identity on Qy. □ 


Lemma 8.8. Let G be a CAT(0)-group. Then the infinite virtually cyclic subgroups 
of type I of G are orientable if and only if all infinite virtually cyclic subgroups of G 
are of type I and the fundamental group 1 "A'll of the Klein bottle is not a subgroup 
ofG. 

Proof. Because of Lemma it suffices to construct for a CAT(0)-group an orien¬ 
tation for its infinite virtually cyclic subgroups of type I, provided that all infinite 
virtually cyclic subgroups of G are of type I and the fundamental group Z x Z of 
the Klein bottle is not a subgroup of G. 

Consider on the set of infinite virtually cyclic subgroups of type I of G the 
relation where we put Vi ~ V 2 if and only if there exists an element g G G with 
\gVig~^ n V 2 I = 00. This is an equivalence relation since for any infinite virtually 
cyclic group V and elements vi,V 2 G V of infinite order we can find integers ni , n 2 
with = ^ 2 ^, ni ^ 0 and 712 7 ^ 0. Choose a complete system of representatives S 
for the classes under For each element F G 5 we choose an orientation try G Qv- 
Given any infinite virtually cyclic subgroup W C G of type I, we define a 
preferred generator aw G Qw as follows. Choose g G G and F G 5 with 
\gWg~^ n F| = 00. Let ii: gWg~^ CiV IF be the injection sending v to g~^vg 
and i 2 ' gWg~^ fl F ^ F be the inclusion. By Lemma [l.ll|(vi)| we obtain injec¬ 
tions of infinite cyclic groups : QgWg-^nv ^ Qw and Qt^: QgWg-^nv Qv- 
Equip Qw with the generator aw for which there exists integers ni,n 2 > 1 and 
a G Qgwg-^nv with Qi^(a) = and Qi^icr) = {avY^- 

We have to show that this is well-defined. Obviously it is independent of the 
choice of a, ni and n 2 - It remains to show that the choice of g does not matter. For 
this purpose we have to consider the special case IF = F and have to show that the 
new generator aw agrees with the given one cry. We conclude from [iTl Lemma 4.2] 
and the argument about the validity of condition (C) appearing in the proof in [T71 
Theorem 1.1 (ii)] that there exists an infinite cyclic subgroup G C gVg~^ flF such 
that g belongs to the normalizer NcC. It suffices to show that conjugation with g 
induces the identity on G. Let iL C G be the subgroup generated by g and G. We 
obtain a short exact sequence 1 ^ G ^ H -=—>■ H/C 1, where H/G is a cyclic 
subgroup generated by pr(g). Suppose that H/C is finite. Then H is an infinite 
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virtually cyclic subgroup of G which must be by assumption of type 1. Since the 
center of H must be infinite by Lemma ll.ll|(ii)| and hence the intersection of the 
center of H with C is infinite cyclic, the conjugation action of 5 on C must be trivial. 
Suppose that H/C is infinite. Then H is the fundamental group of the Klein bottle 
if the conjugation action of g on C is non-trivial. Since the fundamental group of 
the Klein bottle is not a subgroup of G by assumption, the conjugation action of g 
on C is trivial also in this case. □ 

8.3. Proof of Theorem 10.21 Let Orvc^Xj^-inlC) be the full subcategory of the 
orbit category Or(G') consisting of those objects G/V for which V is an infinite 
virtually cyclic subgroup of type I. We obtain a functor 

gen((3?): Orycj.\jFjn(G') —?> Z/2-Sets 

sending G/V to gen(Qv), and a G-map /: G/V —>• G/W to gen(/) as defined in 
(lO) . The Z/2-action on gen((5y) is given by taking the inverse of a generator. 
The condition that the virtually cyclic subgroups of type I of G are orientable (see 
Definition 18.511 is equivalent to the condition that the functor gen((5?) is isomorphic 
to the constant functor sending G/V to Z/2. A choice of an orientation corresponds 
to a choice of such an isomorphism. 

Proof of Theorem \0.2[ Because of Theorem 10.11 and Lemma 18.41 it suffices to show 
that the Z[Z/2]-module H// (^EG Eye, (G); NK^) is isomorphic to Z[Z/2] A 
for some Z-module A. 

Fix an orientation {ay \ V € VC/} in the sense of Definition 18.51 We have the 
Otvcj (G)-spectrum 

NKg': Orvc,(G) ^ Spectra, 

which sends G/V to the trivial spectrum if V is finite and to NK(G/V; A, uy) if 
V is infinite virtually cyclic of type 1. This is well-defined by the orientability as¬ 
sumption. Now there is an obvious natural isomorphism of functors from OryC/ (G) 
to the category of Z/2-spectra 

NKS' a (Z/2)+ ^ NK^ 

which is a weak equivalence of Otycj (G)-spectra. It induces an Z[Z/2]-isomorphism 
H^{EG ^ Ayc,(G); NKg') Z[Z/2] ^ H^{EG ^ Eyc^G); NK^). 

This finishes the proof of Theorem 10.21 □ 


9. Rational vanishing of the relative term 
This section is devoted to the proof of Theorem 10.31 

Consider the following diagram of groups, where the vertical maps are inclusions 
of subgroups of finite index and the horizontal arrows are automorphisms 


H —-^H 


K—-^K 


We obtain a commutative diagram 
(9.1) 


i\t] i\t]* 

Kr,{RH^[t]) KniRK^t]) KniRH^t]) 


(evff), 


Kn{RH) 


(evif). 


-^KniRK) 


(ev/f). 


-^KniRH) 
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as follows: and i* are the maps induced by induction and restriction with the 

ring homomorphism Ri: RH —>■ RK] and i[t\* are the maps induced by in¬ 
duction and restriction with the ring homomorphism Ri[t]: RH^[t\ —>■ RK^[t\; 
evH ■ RH^ [t] —RH and evK '■ RK^ [t] ^ RK are the ring homomorphisms given 
by putting t = 0. 

The left square is obviously well-defined and commutative. The right square is 
well-defined since the restriction of RK to RH by Ri is a finitely generated free 
RH-modnle and the restriction of RK^[t] to RH^[t] by Ri[t] is a finitely generated 
free RH^-module by the following argument. 

Put I := [K : H], Choose a subset {ki, k 2 , ■ ■ - ki} oi K such that K/H can be 
written as {kiH, k 2 H,..., kiH}. The map 

i i 

a: 0 RH — >i*RK, (xi, X2, ■ ■ ■, xi) I—» Xj ■ kj 

2—1 i—1 

is an homomorphism of RH-uiodnles and the map 

i i 

/?: ^RH^[t] ^ i[t]*RK^[t], {yi,y 2 ,... ,yi) ^'^yi ■ h 

i=l i=l 

is a homomorphism of i?i? 0 [t]-modules. Obviously a is bijective. The map /3 is 
bijective since for any integer m we get K/H = ip'^{k 2 )H,... ip'^{ki)H}. 

To show that the right square commutes we have to define for every finitely 
generated projective i?if^[f]-module P a natural i?i7-isomorphism 

T{P): {eyH)*i[t]*P ^ i*ievK)*P- 

First we define T[P). By the adjunction of induction and restriction it suffices 
to construct a natural map T'{P): i*(ev//)*i[t]*P —>■ (evK)*P- Since i o evH = 
evKo^lt] we have to construct a natural map T"{P): P, since then 

we define T'{P) to be (ev_R')*(r"(P)). Now define T''{P) to be the adjoint of 
the identity id: i[t]*P i[t]*P. Explicitly T{P) sends an element h ^ x in 

{evH)*i[t]*P = RH Oevjj i[t]*P to the element i(h)®x in i*{evK)*P = RK Oev^ P- 

Obviously T{P) is natural in P and compatible with direct sums. Hence in order 
to show that T{P) is bijective for all finitely generated projective i?i4ry,[t]-modules 
P, it suffices to do that for P = RK^[t]. Now the claim follows since the following 
diagram of RH-modvles commutes 

RH i[t]*RK4t] i*{RK RK^[t]) 

id(8ievff/3 S S 

RH ®ev„ (©Li RH4t]) i*RK 


©'^1 RH RH^t] -=-> ©Li RH 

where the isomorphisms a and jd have been defined above and all other arrows 
marked with = are the obvious isomorphisms. Recall that NKn{RH, Ref) is by def¬ 
inition the kernel of {evn)* ■ Kn{RH^[t]) Kn{RH) and the analogous statement 
holds for NKn{RK, Rijj). 

The diagram (EH) induces homomorphisms 

U : NK„ {RH, R(j)) NKn {RK, Rtjj) 

i* ■. NKn{RK,R'tP) NKn{RH,R(t)) 
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Since both composites 

Kr^iRH) Kr,{RH), 

are multiplication with I, we conclude 

Lemma 9.2. The composite i* oi^: NKn{RH, R(j)) —> NKn{RH, R(j)) is multipli¬ 
cation with I for all n € Z. 

Lemma 9.3. Let (p: K ^ K be an inner automorphisms of the group K. Then 
there is for all n G Z an isomorphism 

NKn{RK,R(t)) ^ NKniRK). 


Proof. Let k be an element such that (p is given by conjugation with k. We obtain 
a ring isomorphism 

rj: RKii^[f\ ^ RK[f\, ^ i-A XikH\ 


Let evRK.ip' RK^[t] —^ RK and byrk'- RK\t] —>■ RK be the ring homomorphisms 
given by putting t = 0. Then we obtain a commutative diagram with isomorphisms 
as vertical arrows 


Kr^iRKn^t]) K^{RK[t]) 






Kn{RK) -^-> Kr,{RK) 


It induces the desired isomorphism NKn{RK, Rp) —s- NKn{RK). 


□ 


Remark. As the referee has pointed out, this results holds more generally (with 
identical proof) for the twisted Bass’ group NF{S,p) of any functor F from rings 
to abelian groups and any inner ring automorphism p: S ^ S. 


Theorem 9.4. Let R be a regular ring. Let K be a finite group of order r and let 
p: K ^ K be an automorphism of order s. 

Then NKn{RK,Rp)\l/rs\ = Oforalln G Z. In particular NKn{RK, Rp)^xQ = 
0 for all n G Z. 

Proof. Let < be a generator of the cyclic group Zjs of order s. Consider the semi- 
direct product K yi^Zjs. Let i:K^K>i^Z/s he the canonical inclusion. Let 
p be the inner automorphism of iL Zjs given by conjugation with t. Then 
[K Z/s : K] = s and the following diagram commutes 


K- 


-^K 


K 'A^Zj s —-—> K A^Zj s 


Lemma 19.21 and Lemma lOl yield maps i* : NKn{RK,p) —>■ NKn{R[K a^ Z/s\) 
and i* : NKn{R[K a^Z/s\) —> NKn{RK, p) such that i* o A = s ■ id. This implies 
that NKn{RK,p)[l/s\ is a direct summand in NKn{R[K a^ Z/s])[1/s]. Since R 
is regular by assumption and hence NKn{R) vanishes for all n G Z, we conclude 
from [Ml Theorem A] 

NKn{R[KA^Z/s\)[l/rs\=h. 
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(For R = Z and some related rings, this has already been proved by Weibel [13 
(6.5), p. 490].) This implies NKn{RK,(j))[l/rs] =0. □ 

Theorem 19.41 has already been proved for i? = Z in [13 Theorem 5.11]. 

Now we are ready to give the proof of Theorem 10.31 

Proof of Theorem \0.S[ Because of Theorem [OT] it suffices to prove for all n G Z 

H^{EG ^ F;vc,(G);NKg) Q ^ {0}. 

There is a spectral sequence converging to —5> FlyC/(G); NK^) whose 

Fl^-term is the Bredon homology 

El, = ^ F;vc.(G);7r,(NKg)) 

with coefficients in the covariant functor from Orvc/(G) to the category of Z- 
modules coming from composing NK^: Orvc_r(G) —>• Spectra with the functor 
taking the g-homotopy group (see [3 Theorem 4.7 and Theorem 7.4]). Since Q is 
flat over Z, it suffices to show for all V G VCj 

^,(NKg(G/'F))®zQ = 0 

If V is finite, NK^(G/F) is by construction the trivial spectrum and the claim is 
obviously true. If 1^ is a virtually cyclic group of type 1, then we conclude from the 
diagram (1^ 

^„(NKg(G/l")) ^ NKr,{RKv, Rf)) © NK^{RKv, i?^"^). 

Now the claim follows from Theorem 19.41 □ 


10 . On the COMPUTATION OF THE RELATIVE TERM 


In this section we give some further information about the computation of the 
relative term HI{EG^EG-K^) ^ {EG Evc{G);'NK^). 

In [21| one can find a systematic analysis how the space E\>Ci (G) is obtained from 
EG- We say that G satisfies the condition (Mj^inCVCi) if any virtually cyclic sub¬ 
group of type I is contained in a unique maximal infinite cyclic subgroup of type I. 
We say that G satisfies the condition (NMj^incvCi) if h satisfies {Mj^incvCi) and 
for any maximal virtually cyclic subgroup V of type I its normalizer NgV agrees 
with V. Every word hyperbolic group satisfies {NMyri^ cvCi), see [13 Example 3.6]. 

Suppose that G satisfies Let A4 be a complete system of represen¬ 

tatives V of the conjugacy classes of maximal virtually cyclic subgroups of type I. 
Then we conclude from [13 Corollary 2.8] that there exists a G-pushout of G-GW- 
complexes with inclusions as horizontal maps 


UveM G XNoV ENgV -^- 1 eg 


Wv&M. ^/v 


/ 


UveM ^ EvcANgV) -> EvciiG) 

This yields for all n G Z an isomorphism using the induction structure in the sense 
of [13 Section 1] 


0 {ENgV ^ Ever {NGV)-Kf=^) ^ Hi {EG ^ Evcr (G); Kg). 

veM 

Combining this with Theorem 10.11 yields the isomorphism 


0 hI^^{ENgV ^ Evcr{NGVy,NK^<^^) ^ hI{EG ^ Evcr{G);Kf). 
vgm 
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Suppose now that G satisfies {NMj^incvCi) and recall that, by definition, NK^{V/H) = 
0 for finite H. Then the isomorphism above reduces to the isomorphism 

0 7t„(NKI{V/V)) ^ H^{EG ^ EvcAG);K<^). 

veM 

and 7r„(NK)^(F/y)) is the Nil-term NKn{RKv, R4>) ® NKn{RKv\ appear¬ 

ing in the twisted version of the Bass-Heller-Swan-decomposition of RV (see [HI 
Theorem 2.1 and Theorem 2.3]) if we write V = Ky xi^ Z. 


11. Fibered version 


We illustrate in this section by an example which will be crucial in [^ that we 
do get information from our setting also in a fibered situation. 

Let p: X —)■ B he a map of path connected spaces. We will assume that it is 
TTi-surjective, i.e., induces an epimorphism on fundamental groups. Suppose that 
B admits a universal covering q: B ^ B. 

Choose base points xq € X, bo € B and bo & B satisfying p{xo) = bo = q{bo). 
We will abbreviate T = ttx{X,xo) and G = TTx{B,bo). Recall that we have a free 
right proper G-action on B and q induces a homeomorphism B/G ^ B. For a 
subgroup H C G denote by q{G/H): B XgG/H = B/H B the obvious covering 
induced by q. The pullback construction yields a commutative square of spaces 


X{G/H)- 
p{g/h) 

B xgG/H 


q{G/H) 




q{G/H) 




where q{G/H) is again a covering. This yields covariant functors from the orbit 
category of G to the category of topological spaces 

R: Or(G) —Spaces, G/H^BxgG/H\ 

X: Or(G) —Spaces, G/H ^ X{G/H). 

The assumption that p is iri-surjective ensures that X(G/H) is path connected for 
all H CG. 

By composition with the fundamental groupoid functor we obtain a functor 

n(X) : Or(G) ^ Groupoids, G/H Ii{X{G/H)) 

Let R-FGF be the additive category whose set of objects is {i?" | n = 0,1, 2,...} 
and whose morphisms are i?-linear maps. In the sequel it will always be equipped 
with the trivial G or T-action or considered as constant functor Q —>■ Add-Gat. 

Consider the functor 

Groupoids —^ Spectra, Q K R-FGF 

The composite of the last two functors yields a functor 

K(p) :=e° n(X) : Or(G) ^ Spectra. 

Associated to this functor there is a G-homology theory H^{—; K(p)) := 7r„ (O'^(-)Aot(G) 
K(p)) (see 0). We will be interested in the associated assembly map induced by 
the projection AG —>■ G/G, 

(11.1) H^{MG-,K{p)) ^ H^{G/G-K{p)) - K^iRT). 
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The goal of this section is to identify this assembly map with the assembly map 
H^{KG;Ka) ^ H^{G/G;Ka) = K^iRT) 


for a suitable additive category with G-action A. Thus the results of this paper 
apply also in the fibered setup. 

Consider the following functor 

g^: Or(G) ^ Groupoids, G/H g^{G/H), 

where we consider G/H as a T-set by restriction along the group homomorphism 
r ^ G induced by p. 

Lemma 11.2. There is a natural equivalence 

T: 

of covariant functors Or(G) —s- Groupoids. 

Proof. Given an object G/H in Or(G), we have to specify an equivalence of groupoids 
T{G/H): Q^{G/H) Ii{X{G/H)). For an object in Q^{G/H) which is given 

by an element wH G G/H, define T{wH) to be the point in X{G/H) which 
is determined by {bo,wH) G B xq G/H and xq G X. This makes sense since 
q{G/H){{bo,wH)) = bo = qixo). 

Let j: wqH wiH he a, morphism in Q^{G/H). Choose a loop ux in X at 
xo G X which represents 7 . Let Ms be the loop p o ux in B at bo G B. There is 
precisely one path Ug in B which starts at bo and satisfies qoug = ub- Let [mb] G G 
be the class of mb, or, equivalently, the image of 7 under 7 ri(p, ro): F ^ G. By 
definition of the right G-action on B we have bo ■ [mb] = mb(1). Define a path Ug^g 
in B Xc G/H from {bo,woH) to {bo,wiH) by t i-A {uB{t),woH). This is indeed a 
path ending at {bo,wiH) since {bo - [ub],woH) = {bo, [mb] -woH) = {bo,wiH) holds 
in B xq G/H. Obviously the composite of Ug^g with q{G/H): B xqG/H ^ B is 
Ub. Hence Ug^g and ux determine a path in X{G/H) from T{woH) -G T{wiH) 
and hence a morphism T{woH) —>■ T{wiH) in Ii{X{G/H)). One easily checks that 
the homotopy class (relative to the endpoints) of u depends only on 7 . Thus we 
obtain the desired functor T{G/H): Q^{G/H) -G tl{X{G/H)). One easily checks 
that they fit together so that we obtain a natural transformation T : Q//_ -G n(X). 

At a homogeneous space G/H, the value of is a groupoid equivalent to the 
group TTi{p,xo)~^{H) while the value of n(A) is a groupoid equivalent to the fun¬ 
damental group of X{G/H). Up to this equivalence, the functor T, at G/H, is 
the standard identification of these two groupoids. Hence T is a natural equiva¬ 
lence. □ 


We obtain a covariant functor 


i?-FGF 


K(p)':Or(G) ^ Spectra, G/He^K 


Q^(G/H) 
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Lemma 111.21 implies that the following diagram commutes where the vertical arrow 
is the isomorphism induced by T. 


h^{KG-Mp)) 


T* 


HG{gG-K{p)') 



h^{g/g-Mp)) 



= Kr,{RT) 


Now the functor K(p)' is, up to natural equivalence, of the form for some addi¬ 
tive G-category, namely for A = indg, r->-G -R-FGF, see [U (11.5) and Lemma 11.6]. 
We conclude 

Lemma 11.3. The assembly map (111.111 is an isomorphism for all n € Z, if the 
K-theoretic Farrell-Jones Conjecture for additive categories holds for G. 
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